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Abstract—This paper studies the generalization and normalization issues of information-theoretic distance measures for clustering
validation. Along this line, we first introduce a uniform representation of distance measures, defined as quasi-distance, which is
induced based on a general form of conditional entropy. The quasi-distance possesses three properties: symmetry, the triangle law,
and the minimum reachable. These properties ensure that the quasi-distance naturally lends itself as the external measure for
clustering validation. In addition, we observe that the ranges of the distance measures are different when they apply for clustering
validation on different data sets. Therefore, when comparing the performances of clustering algorithms on different data sets, distance
normalization is required to equalize ranges of the distance measures. A critical challenge for distance normalization is to obtain the
ranges of a distance measure when a data set is provided. To that end, we theoretically analyze the computation of the maximum
value of a distance measure for a data set. Finally, we compare the performances of the partition clustering algorithm K-means on
various real-world data sets. The experiments show that the normalized distance measures have better performance than the original
distance measures when comparing clusterings of different data sets. Also, the normalized Shannon distance has the best

performance among four distance measures under study.

Index Terms—Clustering validation, entropy, information-theoretic distance measures, K-means clustering.
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1 INTRODUCTION

CLUSTERING analysis [9] provides insight into the data by
partitioning the objects into groups (clusters) of objects,
such that objects in a cluster are more similar to each other
than to objects in other clusters. A longstanding challenge of
clustering research is about how to validate clustering
results [2], [3], [5], [7], [8], [11], [12], [14], [15]. A promising
direction is the use of information-theoretic distance
measures, such as Shannon Entropy [22] and Goodman-
Kruskal coefficient [24], [10], as external criteria for cluster-
ing validation. In other words, these information-theoretic
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distance measures are used to compare the clustering output
with the “true” partition' determined by the class label
information. In this case, these external measures are viewed
as the measurement of distances between two partitions of
the data.

However, the lack of understanding of the characteristic
of these information-theoretic distance measures hinders
the use of these measures for clustering validation sub-
stantially. To this end, Meila [19] provided some basic
requirements of information-theoretic distance measures
for clustering validation, such as refinement additivity, join
additivity, and convex additivity. As a further step, in this
paper, we introduce a uniform representation of quasi-
distance, for information-theoretic distance measures. The
quasi-distance possesses three properties: symmetry, the
triangle law, and the minimum reachable. These properties
ensure that a quasi-distance measure naturally lends itself
as the external criteria for clustering validation.

In general, there are two application scenarios of
information-theoretic distance measures for clustering
validation. First, these distance measures can be used to
compare clusterings of a given data set by different
clustering algorithms. Second, these measures can also be
used to compare clusterings of different data sets by a
specific clustering algorithm. For instance, in order to find
the characteristic of data (high dimensionality, the size of
the data, the sparseness of the data, and scales of
attributes) that may strongly affect the performance of a
clustering algorithm [25], multiple data sets with different

1. We will use the terms partition and clustering of a data set
interchangeably in this paper.
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characteristics are required to be clustered, and their
results are then analyzed.

For the above second scenario, we have observed that the
ranges of distance measures are different for different data
sets. In other words, to do a fair comparison, distance
normalization is required to equalize ranges of the distance
measures. A critical challenge for distance normalization is
to obtain the ranges of a distance measure. To that end, we
theoretically analyze the computation of the maximum
value of a distance measure for a data set. Our study reveals
that the exact computation of the maximum value of a
distance measure is usually difficult to find. As a result, we
provide an approximate computation form of the maximum
values for these distance measures. We also show that there
are some cases in which the maximum distance value can
be obtained. Finally, we have designed various experiments
by exploiting the K-means clustering algorithm to show that
1) the normalized distance measures outperform the
original distance measure and 2) the normalized Shannon
distance has the best performance among four observed
distance measures.

Overview. The remainder of this paper is organized as
follows: Section 2 describes the basic denotations and
concepts of external clustering validation measures and
quasi-distance. In Section 3, we briefly describe our
previous works on partition entropy and conditional
entropy, which are the bases of the quasi-distances. Section 4
details the uniform framework of quasi-distances between
two partitions and presents some examples to show how
the proposed framework induces several well-known
distances for clustering validation. In Section 5, we describe
the importance of the distance normalization when compar-
ing clusterings of different data sets. In Section 6, we
theoretically analyze the computation of the maximum
value of a distance measure for a data set, which is the key
to distance normalization. Section 7 demonstrates the
experimental setup and results. Finally, in Section 8, we
draw conclusions.

2 Basic CONCEPTS

In this paper, we adopt the notations used in [23] and [18].
The set of reals and the set of natural numbers are denoted
by IR and IN, respectively. All other sets considered in the
following discussion are nonempty and finite. 7=
{A1,..., Ay} is a partition of a set A, iff U, A, = A and
A;NA;=0(i#j). A block of a partition refers to any
element in a partition of a set A. Let PART(A) be the set of
partitions of set A. The class of all partitions of finite sets is
denoted by PART. If n, ©’ € PART(A), then m C « if every
block of 7 is included in a block of 7’. If A, B are two disjoint
sets, m € PART(A), 0 € PART(B), where 7 = {44,..., An},
o ={B,...,B,}, then the partition (1 + 0) € PART(A U B)
is given by

ﬂ-_|_0':{Al,...,Am,Bla---aBn}'

Let m € PART(A) and let C C A. The “trace” of 7 on C is
given by 7w = {A;NC|A; € w such that A;NC # 0}. Ob-
viously, m¢ € PART(C). When D C A, it is clear that
(mc)p = T(eAD)-

Let m, 0 € PART(A) (two partitions defined on the same
set A), where m={A,,...,A,}, o={By,...,B,}. The
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partition m Ao whose blocks consist of the nonempty
intersections of the blocks of m and o can be written as

TANO=Tg +--+7p, =04 + -+04

m*

External measures. When the external information (the
class labels of all the objects) is provided, the external
measure for clustering validation is actually the distance
between two partitions of the data set: one is the partition
resulted from a clustering algorithm, the other is the “true”
partition generated by the class labels. Thus, given a set A4,
the external measure for clustering validation is a mapping

d: PART(A)’ = R. (1)

d(rm, o) is used to measure the distance from 7 to o. The first
argument refers to the output partition © = {4;,..., A, } of
A. The second argument refers to the “true” partition o =
{By,...,B,} of A, where B; contains all the objects with
class label i (for ¢ =1,...,n). The smaller d(m, o) is, the
better the clustering result = is.

Quasi-distance. Various information-theoretic distance
measures, such as Shannon Distance [17], Goodman-
Kruskal coefficient [24], [10], the Van Dongen criterion
[19], and the Mirkin metric [19], can be used as external
measures for clustering validation. Meila [19] provided
some basic requirements of external measures for clustering
validation, such as refinement additivity, join additivity, and
convex additivity. However, in this paper, we show that all
these information-theoretic distance measures are actually
quasi-distance between two partitions when they are used
as external measures for clustering validation. A quasi-
distance is defined as follows:

Definition 1. Let w, o be two partitions on A. The measure
d(m, o) is a quasi-distance between these two partitions; that is,
for any partitions =, o, and T on A, it satisfies

1. d(m o) reaches its minimum over both m and o iff
7 = o (minimum reachable),

2. d(m,0) =d(o,) (symmetry), and

3. d(m o) +d(o,7) > d(m,T) (the triangle law).

Note that d(m, ) is minimum reachable. In other words,
even if two partitions are the same, d(m, o) can reach a
minimum value, but this minimum distance value may not
be zero. For example, as you will see in Section 4, this
situation happens for the distance d,,,, in Table 1. This is the
reason why we define it as quasi-distance.

3 THE CONCEPTS OF PARTITION ENTROPY AND
CONDITIONAL ENTROPY
In this section, we briefly describe our previous work on

partition entropy and conditional entropy [16], which is the
basis of the results in Section 4.

3.1 Partition Entropy and Conditional Entropy
Partition entropy is a mapping

H:PART — IR, (2)

satisfying some additional conditions as described in
Section 3.4. A formal definition of partition entropy is also
given in Section 3.4.
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TABLE 1
Examples of Quasi-Distance with Conditional Entropy C!

Entropy Name Entropy

Partition Distance Distance Minimum

>
g

Shannon Entropy [22] Hona(m) = Y% pilogs ﬁ di;LlL(“s o) =it TA] © Hshaloa,) + Z;L:1 TAT ° HS’W(WBJ') 0
Pal Entropy [20] Hpar(m) =27 piel TPi d;,uz(‘”v o) =271 ‘\é{i\\ : HPM(UAIZ) + Z.?Zl ‘\]?X\‘ : HP“Z(WBJ') 2
Gini Index [4] Hyin(m) = Sy il —pi)  dhin(m o) = D1y Wl 2gin(oa) + 2000 L Hyin(rs)) 0
Goodman-Kruskal Hgoo(m) =1 — maxj’ p; d}mu(w, o) =37 ‘C‘Ai\‘ *Hgooloa,) + Z;‘L=1 % . Hgoo(ij) 0
coefficient [24], [10]
Given a set A, conditional entropy is a mapping where p=(p1,...,pm), P =1,---,Pm,0) and A, =
{1, spm) :0<p; <lfori=1,....,m,p1+ - +pmn =1}
C: PART(A)’ — RR. (3) Y o
3.3 Inequality Postulates of Partition Entropy

The first argument refers to a condition partition, while the
second one refers to a decision partition. If 7, o are two
partitions of A, C(w, o) measures the degree of difficulty in
predicting o by 7. Based on an existing partition entropy,
we give two definitions of conditional entropy as follows:

Definition 2. Let w, o€ PART(A), m={A1,...,An},
o={Bi,...,B,}. A conditional entropy C' is a function C
in (3) such that

1 -4
C(7T,O')72|A

i=1

-H(oa,), (4)

where o4, is the “trace” of o on A;.

Definition 2 states that the conditional entropy C' is the
expected value of the entropies calculated according to
conditional distributions, i.e., C'(m,0) = E4,(H(04,)), A; € 7.

Definition 3. Let m, o€ PART(A), nm={A,...,A,},
o={DB,...,B,}. A conditional entropy C* is a function C
in (3) such that

C*(m,0) = H(m A o) — H(n). (5)

Definition 3 states that the conditional entropy C? is the

difference between two entropies. The equality C'(m, o) =

C?(m, o) yields the Shannon entropy [1]. Thus, this axioma-

tization of the Shannon entropy shows the rationality of

these two definitions.

3.2 Equality Properties of Partition Entropy
Ifr={A,...,A,}isapartition of a set A, then the probability
distribution vector attached to wis P(7) = (p1,...,pn), where
P = % for 1 < ¢ < n. Thus, it is straightforward to consider
the notion of partition entropy via the entropy of the
corresponding probability distribution. We define the
measure function of H as a mapping M : A — IR such that
H(m) = M(P(r)) for every m € PART, where A = {P(m)|r €
PARTY. The blocks in a partition 7 are unordered while the
elements in P(r) are ordered. Thus, the inherent postulate of
M is that it is symmetric in the sense that

M(P(r)) = M(P'(m)),

where P'(7) is any permutation of P().
The other equality postulate of M is expansibility in the
sense that for every p € A,,

M(p) = M(P),

(6)

(7)

We give the inequalities that partition entropy and its
corresponding conditional counterpart must satisfy as
follows:

Postulate 1. Let 7, 7' € PART(A) and n < 7, then
H(') < H(m),

where < is the majorization relationship (entropically
comparable relationship) between two partitions, detailed
in [18] and [16].

Postulate 2. Let 7, 7/, 0 € PART(A) and = C «, then

C(m,0) <C(',0).

Postulate 3. Let w, 0, 0’ € PART(A) and o C &, then
C(m,0") < C(m,0).

A function H, which satisfies Postulate 1, is actually a
Schur-concave function [18]. Postulates 2 and 3 state that
conditional entropy C should be monotonic in the first
argument and dually monotonic in the second argument.
Specifically, Postulate 2 shows that finer condition partition
leaves less uncertainty about decision partition and thus
owns more ability in predicting decision partition. On the
other hand, Postulate 3 shows that coarser decision
partition relaxes the requirement of precision for predicting
and thus contains less uncertainty also. They are the two
postulates conditional entropy holds inherently.

3.4 Formal Definition of Partition Entropy and lts
Checking Conditions
Definition 4. When a function defined by (2) satisfies Postulates 1
through 3, and its corresponding measure function M is
symmetric and expansible, this function is partition entropy.

Considering the two definitions of conditional entropy
separately, Luo et al. [16] reduce the redundancies in
Postulates 1 through 3, and give the easy-checking condi-
tions for any partition entropy. The main results are
summarized as the following Theorems 1 and 2.

Theorem 1. When conditional entropy is defined as C', the
measure function M of H is symmetric and expansible, if and
only H is concave, it is a partition entropy.
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Theorem 2. Given a function f:[0,1] — IR, f(0)=0, f is
continuous on [0, 1], f" exists in (0,1), f"(x) <0 and
f"(xz) <0 for any z € (0 1). Let mw={A1,A4y,...,An}.
Then, H(m) =", f(‘A ) is a partition entropy when its
conditional counterpart is defined as C*.

4 FRrom CONDITIONAL ENTROPY TO
QuAsI-DISTANCE BETWEEN TWO PARTITIONS

In this section, we introduce some properties, which can be
used to induce the quasi-distance based on the generic
form C of conditional entropy.

Let 7, 0 be two partitions on a data set 4, and C be a
conditional entropy, we consider the following distance
between 7 and o:

d(m,0) =C(m,0) +C(o, ), (8)

where ¢ is considered as the “true” partition, C(w, o) is the
measure of the purity in 7, and C(o, 7) is a penalty to the
situation that a data cluster in the “true” partition o is
separated into several clusters in 7.

The following properties give the conditions, which
guarantee that d(r, o) = C(w, o) + C(0o, 7) is a quasi-distance.
To show this, we consider the two situations where the
conditional entropy C is defined as C' and C?, respectively.

Lemma 1. Let 7, o be any two partitions on A. Then,
d(m,0) = C(m,0) —i—C(a ) reaches its minimum if and only
if m=o0, where C is the conditional counterpart of a
partition entropy H, defined as C* or C2.

Proof. We prove this lemma under the situations that the
conditional entropy is defined as C' and C?, respectively.
When C is defined as C'!, C'(r,0) and C1 (o, m) reach
their minimal values when 7 = 0. Thus, d*(, o) reaches
its minimal value 2M (0, 1) when m = o, where M is the
measure function of the corresponding entropy.
When C is defined as C°, d*(m,0) =2H(rAo)—
H(m) — H(o). It is clear that H(m Ao) > H(r) and
H(w A o) > H(o). Thus, d* reaches its minimal value 0
when 7 = o. O

Lemma 2. Let w, o, T be three partitions on A. If C(x A7,0) +
C(r,m) > C(r,m ANo), then d(m,0)=C(n,0)+C(o,7) is a
quasi-distance, where C (defined as C' or C?) is the
corresponding conditional entropy of a partition entropy H.

Proof. By Lemma 1, d(m,0) satisfies the condition 1 of a
quasi-distance. The symmetry of d(r, o) is immediate to
see. Next, we prove the triangular property of d(,o):

C(o,m) +C(r,0) > C(o AT,7) + C(T,0) (9)
>C(r,mN\o) (10)
> C(7,m), (11)

where (9) follows from Postulate 2, (10) follows from
the condition in this lemma, and (11) follows from
Postulate 3.

In a similar manner, we prove that

C(m,0) +C(o,7) > Clo A, T) +C(m,0) (12)

> C(m, 7 No) > C(m,T). (13)
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Then, adding inequalities (11) and (13) together,
we have d(m,0)+d(o,7)>d(m, 7). So, d(mo) is a
quasi-distance. 0

Note that Lemmas 1 and 2 remain true no matter C is
defined as C* or C2.

4.1 When Conditional Entropy Is Defined as C'

Theorem 3. Let m, o be two partitions on a data set A, and the
conditional entropy is defined as C' based on a partition
entropy H. If H(r A o) < C'(m,0) + H(r), then d'(m,0) =
C!(m,0) + C (o, ) is a quasi-distance.

Proof. Let r={B,...,B;},0={Cy,...,.Cn}, 7={D1,...,Dp}.
First, we prove that C'(t A7,0) = >, %Cl (mp,,0D,):

(Z'%f' (( D,>BJ)>

ZI|A| " on) Z

|Di
A

(14)

n l ]
=3 ;lBJ@'DlH( 05 a1s)
=C(rAT,0) (16)

where (14) follows from the definition of C' (Definition 2),
(15) follows from (op,) B, = O(DAB;) (refer to Section 2 for
the definition of the “trace” of a partition), and (16) also
follows from Definition 2. Then,

C'(r A7 0) +Cr,m) Z‘Ml"cl T, OD;) +§;|ﬁi7-((m,)
(17)

_ 1"1 ‘ﬁiﬂ [C} (., 0m,) + H(mp,)] (1)

> 7n1 ||Zi‘|H(7rD, Aop,) (19)

-3 |ﬁi‘|H((on)Dy,) =C!(r, 7 A o), (20)

=1

where (17) follows from (16), (19) follows from the
condition in this theorem, and (20) follows from
mp, Nop, = (TN o)p
Finally, by Lemma 2, this theorem follows. 0
Corollary 1. Let w, ¢ be any two partitions on A,
g:[0,1] = R, M(pi,....pm)=> 11 pig(p;) be the mea-
sure function of a partition entropy H. If g(z)+ g(y) >
g(zy) for 0<z<1 and 0<y<1, then d'(m, o) =
C!(m,0) + C (o, ) is a quasi-distance.
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TABLE 2
Examples of Quasi-Distance with Conditional Entropy C*

Entropy Name Entropy Partition Distance Distance Minimum
Shannon Entropy (221 Hspa () = {21 pilogap-  dapa(m,0) = 2Hsha(m A o) = Hapa(m) = Hsna(o) 0
Gini Index [4] Hoin(m) =X 1 pi(1—p)  d2y, (7,0) = 2Hgin (7 A 0) — Hyin(m) — Hgin (o) 0
Proof. Let 7 = {By,..., B}, 0 = {C4,...,Cp}. Then, and dém are quasi-distances. dém is also a quasi-distance,

C'(m o) +H(m

Zzl;i;w ne; \( (\B];‘C‘jl>+g<l‘fj|l>)7
ii\B ne,| (\BQ'C |>

i=1 j=1

7r/\0

If g(z) + g(y) > g(zy) for 0 <z <1and 0 <y <1, then

g(\BmCﬂ) +g<\3z|) >g(|Bij|>
| Bi] [Al) — |A]

land j=1,...

fori=1,..., ,m. Then,

C'(m, o) +H(m) > H(r A o).
From the above and by Theorem 3, this corollary

is true.

4.2 When Conditional Entropy Is Defined as C?

Theorem 4. Let w, o be two partitions on A, and conditional
entropy is defined as C* based on a partition entropy H.
Then, d*(m,0) = C*(m,0) + C*(0, ) is a quasi-distance.

Proof.
C*(m AT,0) + C¥(r,7)
=H(rATANo)—H(mAT)+H(TAT) —
=H(rATAG)—H(T) =C*(1,mA0).

H(7)

From the above and by Lemma 2, this theorem holds. O

4.3 Examples of Quasi-Distance

Let 7, o be two partitions on a data set A, based on the
above discussion, we have the following two methods to
induce quasi-distances:

1. Let H be a partition entropy, and its conditional
entropy is defined as C'. If  satisfies the conditions
in Theorem 3 or Corollary 1, d'(r,0) = C!(r,0) +
C'(o,) is a quasi-distance.

2. Let H be a partition entropy, and its conditional
entropy is defined as C?. Then, d?(r, o) = C*(r,0) +
C*(0,m) =2H(m A 0)—H(m) —H(0) is a quasi-distance.

Here, we first give some examples of partition entropy,
and then induce the corresponding quasi-distances. All
these examples, to be proved by the proposed theorems
and corollaries, are under the following assumption: let
m={A,...,A,}and 0 = {By,..., B,} be two partitions of
aset A4, the probability dlstrlbutlon vector attached to 7 be
P(m) = (p1,-..,pm), where p; = ‘A‘ | for 1 <i < m.
Examples when the conditional entropy is defined as
C'. The examples in Table 1 are partition entroples when
their conditional counterparts are defined as C' (proved by
Theorem 1). It can be proved by Corollary 1 that d.,, d

sha’ “pal’

which can be proved by Theorem 3. The details of these
proofs are omitted. d!,, is first proposed in [17], and
referred to as variation of information in [19]. Additionally,
Meila [19] gives an axiomatic method of d!,,, which is
aligned with the lattice of partitions and convexly additive.
dy,, is actually the n-invariant version of the Van Dongen
criterion [19].

Examples of the conditional entropy is defined as C’.
The examples in Table 2 are all partition entropies when
their conditional counterparts are defined as C* (proved by
Theorem 2). It can be easily proved by Theorem 4 that d?
(d,, and d?, are the same distance, expressed in two
ways) and dZ,, are both quasi-distances. d2,, is actually the
n-invariant version of the Mirkin metric [19].

It should be noted that all the quasi-distances in Tables 1
and 2 except d},,; are true metrics since the minimal values of
these distances are all 0. However, the minimum of d}, is 2.
Thus, it is not a real distance.

sha

5 NORMALIZATION ISSUES

In this section, we discuss normalization issues of distance
measures. Normalization is critical when distance measures
are used to compare clusterings of different data sets.

Different data sets have different data characteristics,
and thus have different degree of difficulty for clustering. In
general, the bigger the degree of difficulty on the clustering
data is, the more possible that a clustering algorithm
generates a result with a bigger distance. Thus, the
clustering result on a specific data set is affected by both
the performance of the clustering algorithm and the degree
of clustering difficulty on the data set itself. When
comparing the performances of a clustering algorithm on
different data sets, since the degrees of difficulty on these
data sets are different, the original quasi-distance might be
biased. For instance, we assume that =7 = {4;,..., A,,} and
B={B,...,B,} are “true” partitions for two data sets A
and B, respectively. Also, let 7' and §’ be the clustering
results of data set A and B by a specific clustering
algorithm, respectively. By a distance measure d, their
distances d(m, '), d(8, §') and the distance ranges are shown
in Fig. 1. As can be seen, the maximum distance d}*"* is
much bigger than d'**, which shows that the degree of
difficulty in clustering B is much greater than that for data
set A. It also shows that d(3, #') > d(n,7’), indicating that
the clustering performance on A is better than that on B.
However, it is clear that «’ is a bad result because d(m, )
is close to its maximum distance d™*. Also, #' is a
good clustering because d(3,') is close to its minimum
distance djj™.

2. The clustering result with the maximal (minimal) distance d™* (d™™")
is the worst (best) result on the corresponding data set. The formal
definitions of d"** and d™" are given in (21).
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min max
dy a7
!
d(m,m)
min

de

‘B
| ] ] ] ] ] | |

L J58)

Fig. 1. Comparing clusterings of different data sets.

Therefore, when comparing the performances of a
clustering algorithm on different data sets, the distance
measure for clustering validation should be irrelevant to the
degree of clustering difficulty on a data set. A possible way
to solve this problem is the use of the normalized distance,
which represents the relative position of the original
distance between the minimal and maximal distance. The
formal definition of distance normalization is given as
follows:

When o is the fixed “true” partition of a data set A and 7
is any partition of A, the quasi-distance d(r, o) is a function
of 7, denoted by d, (). Let d™** and d"™" be the maximal
and minimal values of d,(r) (m € PART(A)), respectively,
the normalized form of this distance is denoted by

dﬂ(ﬂ') _ d,’,’””
TlO’I"’ITLdO-(T(') == W . (21)

After normalization, normd,(n) is in [0,1]. In fact,
normd,(m) is the relative position of the original distance
in the distance range [d/"", d"*].

6 COMPUTATION OF d™" AND d"®"

In this section, we focus on the computation of d™" and
d’** when the conditional entropy used in the quasi-
distance is C!. Let 7, 0 € PART(A), 0 ={B,...,B,} is the
“true” partition, m = {A4y,... m} In the followmg, we
assume that d(r,0) = C'(r, o) —|— C!(o, ) is a quasi-distance,
where C' is a conditional entropy, H and M are its
corresponding partition entropy and the measure function,
respectively. According to Theorem 1, when M is sym-
metric and expansible M must be a concave function.

It is easy to compute d”"". However, the computation
of the exact value of d** is rather complicated. Section 6.1
gives the computing methods of d7". In Section 6.2, we
give some mathematical facts about the partition entropy
and conditional entropy. Based on these facts, we
formulate a m) € PART(A), for which one might think
that d"* = d(m, o). However, we give the example to
show it is not true. In Section 6.3 we give the explicit
expression of d(m,o). In Section 6.4, we approximate the
value of d]'*" in general cases. Finally, Section 6.5 gives
the exact value of d7"*" in some special cases.

6.1 The Exact Computation of 7"

Theorem 5. Let o be the “true” partition of a data set A, ™ be
a partition of A, H be a partition entropy, and its
conditional entropy be defined as C', d'(m,0) = C' (7, 0) +
C'(o,7) be a quasi-distance. Then, d™" = 2M(0,1), where
M is the measure function of H.
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Proof. d,(m) reaches this minimum when = =o. This
minimal value is actually 2C' (o, o) = 2M(0, 1). 0

6.2 Analysis on d'**

Unlike d™", the exact value of d7"* is usually difficult to
obtain. Before we describe our analysis on d]'**, we first
present some mathematical facts:

Fact I. Assuming that the measure function M is concave
and symmetric, then M(py,...,pn) < ML, ... 1), meN,
for any p; satisfying > "\ p;=1land0<p, <1,i=1,...,m

FactIL. Let M(p1,...,pm) = >iny f(ps), f is a continuous
function on [0, 1] with a nonpositive second derivative (note
that M is concave) in (0, 1), and f(0)=0 (due to
the expansibility of M). Then, we can derive that
ME D <ME L) if m < n. To prove this result,

‘m n’ n

we define a function g(z) = M(X,.... 1) =zf(1), z > 1. We
have
G- /
BN N 1 Wi st )
g =y L

By Mean-Value Theorem (see [21 p- 86]), there exists a £ €
(0,2) such that ¢(z) = Q G Usmg the fact f” <0, we
conclude that ¢ (z) > 0, and the above claim is proved.

Fact IIL. C' (, o) < H(0), which means that if o represents
a “true” partition, then C'(r, o) takes on its maximal value
H(o) when 7 is the trivial partition {A} of the data set A.
This claim follows from the concavity of H. The proof is as
follows:

m |A ‘
Z a

=i"4‘ M(\Bmm L Jmnan
i—1 |A| |A| 7 7 ‘At|

= (| Al \BlﬂAiI) <|A7:| IBnﬂAi|>
SM ( P
(R, 3 (e

|Bl| |B7L|)
=M|—,..., = H(o).
<|A| ) =)

Based on the above facts, one might think that the
following formulation would probably generate a m; €
PART(A) such that d"* = d'(m, o) = C'(m, ) + C' (0, 7).

Suppose 0 = {B4, ..., B,} is the “true” partition. Without
loss of generality, we sort the elements in ¢ such that
|By| < |By| < -+ < |B,. Additionally, B; = {a},a}, ... ‘B b
1<j<n, where a] € B;C A. Then, m = {Al,... ,,L}
where A; = {a! € Bj| |Bj| >i,1 <j<n}(1<i<m), and
m = max{|B;| |1 <j<n}. For the easy understanding of
the computation of the quasi-distance, we show the partition
pair (m, o) by an intersection matrix in which the element in
the ith row and jth column equals |4; N Bj]|. 1 is the partition
such that the entry in the intersection matrix is either 0 or 1,
and in each column of this matrix the entries with the values
of 1 always appear above those with the values of 0. The
following is an example intersection matrix of 7y and o. Since
we sort the element in ¢, in this matrix the entry values of the
rightmost column are all 1, while in the leftmost column only
the entry values of the first two rows are 1:
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1111 1
1111 1
01 1 1 1
001 1 1

md0 0 0 1 1
000 1 1

00 1
000 0 1

n

Then, it seems that 7y = {Ay,...,4,,} € PART(A) might
be a reasonable candidate satisfying d7"* = d'(my,0). At
first glance, using the above Facts I and II, we observe that
C'(o,m) takes on its maximal value among all possible
m € PART(A). Also, Fact I appears to suggest that the value
C!(m, o) is at least not too small. Furthermore, we can prove
the following theorem.

Theorem 6. Let d(m,0) =C'(m,0)+C'(0,7) is a quasi-
distance, where C' is a conditional entropy, H and M are
its corresponding partition entropy and the measure
function, respectively. Also, let g(x) =z - ML, ... 1) If
d'(x) >0, d'(m,o)=maz{d (7,0) |7 ={A],...,A } €

PART(A), |ANBj| <1,1<i<m,1<j<n,meN}L

Proof. The proof can be reduced to the following claim: for
such a 7' € PART(A), if |A] | < |A] | and |A] N By| =1,
|Aj, N Bj| =0, for some i, iy, j, then after moving the
unique element of A] () B; into A}, the quasi-distance
d' (7', o) may increase. This fact is shown in the following
two matrixes. The distance of the matrix on the right is
not smaller than that on the left:

—
—
—_
o
—_
—
—
—

=
—

The proof of the above claim, with the aid of Mean-value
theorem (see [21, p. 86]), is straightforward. Note that the
difference between the two quasi-distances (before and
after the moving) by A. Then,

ol )~ of0)] o) o) )]

- A

Using the Mean-value theorem, there exist
&€ (|4 — LA, D), & € (|A}],|A}, ] + 1), satisfying

o4, 1) = g(145] = 1) = g (&), g(j4,] +1) = g(|4,])
=4 (&)

So, A = %. Since ¢"(x) > 0, ¢ (z) is a nondecreas-

ing function. Therefore, A > 0, and the quasi-distance

may increase after the above adjustment. 0

We can further check that the partition entropies in Table 1
satisfy the conditions in Theorem 6, as shown in Table 3

1255

TABLE 3
The Partition Entropies with the Corresponding ¢”(z) Defined in
Theorem 6 (z > 0)

Entropy Name M(% cee %) g(x) g’ (z)

Shannon Entropy [22] log, x z-loggxr logyr+1In2
o1

Pal Entropy el g-elE e T —5

Gini Index 1-1 z—1 0

Goodman-Kruskal coefficient 1 — i z—1 0

x

which lists these entropies with the corresponding ¢”(z).
Thus, this theorem holds for all the quasi-distances in Table 1.

Nevertheless, there is an appreciable difference between
d™ and d! (g, o). Here, we provide an example to show this.
In this example, the Shannon Entropy is used in the quasi-
distance measure and we use the notations in the formula-
tion of 7. Specifically, we assume that n =17, |B;| = N if
1 <j<16,and |Bi7| = 2 - N, where N is an arbitrary positive
integer. The left matrix in the diagram below corresponds to
mp. Next, we define a new partition of A, 7’ = {4],..., A},
where Al ={a},da?,...,a!® al% a}} ;,al7}, 1 <i<N. The
corresponding intersection matrix is illustrated by the right
matrix below:

1 1 --- 1 1
1 1 --- 1 1
N .
1 1 1 1 11 --- 1 2
1 1 --- 1 2
00 o1 NVy: :
0 0 0 1
N ‘ ' 1 1 1 2
: : 17
0 0 0 1

17

Then, we can easily verify that d'(7’,0) —d'(m,0) =
log, 17 — log, 16, which is independent of the size of N. This
example shows that in the general cases it is really hard to
obtain the exact value of d'*".

6.3 Computation of d(m, o)

In this section, we give the explicit expression of
d(my,0), which is useful in the approximation of d]'*.
Let [Bjl=0b;(j=1,...,n) and > % b;=0. The quasi-
distance between 7 and o can be expressed as

d(my,0) = c! (mo,0) + Cl(a, 0)-

It is clear that C'(o,m) = w, where G(b;) =
H(E,...,¢) (for example, when H is the Shannon entropy,
g(b;) = loéQ b;). However, it will take much efforts to
express C'(m, o) analytically.

To this end, we specify all the change points b;,, ..., b; in
the sequence by <b; <---<b, (b is set to 0 for conve-
nience) such that b,y <b;, (I =1,...,k). Then, the other
conditional entropy is

B S (b = b)) (n+ 1 — )G+ Gi — 1)

1
C'(mp,0) 2 .
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TABLE 4
Some Characteristics of Experimental Data Sets
Data set Source # of objects  # of features  # of classes  Min class size  Max class size  CVp
Document Data Sets

fbis TREC 2463 2000 17 38 506 0.961

hitech TREC 2301 126373 6 116 603 0.495

tr23 TREC 204 5832 6 6 91 0.935

trd5 TREC 690 8261 10 14 160 0.669

la2 TREC 3075 31472 6 248 905 0.516

ohscal OHSUMED-233445 11162 11465 10 709 1621 0.266

re0 Reuters-21578 1504 2886 13 11 608 1.502

rel Reuters-21578 1657 3758 25 10 371 1.385

kla WebACE 2340 21839 20 9 494 1.004

wap WebACE 1560 8460 20 5 341 1.040

Biomedical Data Sets
LungCancer KRBDSR 203 12600 5 6 139 1.363
Leukemia KRBDSR 325 12558 7 15 79 0.584
UCI Data Sets
ecoli UCI 336 7 8 2 143 1.160
pendigits UCI 10992 16 10 1055 1144 0.042
TABLE 5
Experimental Results for Real-World Data Sets
Coefficient of Variation Distances Normalized Distances
Dataset  CVp DCV di, . d dyin dgoo normdy, , mormd , mormdg,,  mnormdg,,

fbis 0.96 0.41 3.1379 3.5271 1.0555 0.7808 0.2885 0.5014 0.5755 0.4367
hitech 0.5 0.13 33003  3.6902  1.1742  0.8462 0.2999 0.5861 0.6651 0.4876
tr23 0.93 0.51 2.5445 3.3766 0.9773 0.75 0.3462 0.5347 0.6109 0.4920
trd5 0.67 0.23 2.3524  3.1590 0.8055 0.6029 0.2572 0.3916 0.4480 0.3438
la2 0.52 0.14 2.1880 3.0950 0.7821  0.5489 0.1925 0.3838 0.4475 0.3222
ohscal 0.27 -0.17 3.6165 3.6746  1.1387  0.8223 0.2718 0.5365 0.6079 0.4435
re0 1.5 1.11 3.8815 3.8079 1.1976  0.9674 0.3840 0.6641 0.7187 0.6096
rel 1.39 1.06 3.6441 3.6515 1.0926  0.8690 0.3571 0.5502 0.6022 0.4935
kla 1 0.51 3.1826  3.5024 1.0228 0.7530 0.2951 0.4908 0.5573 0.4229
wap 1.04 0.55 32019 3.5144  1.0234 0.7712 0.3144 0.4986 0.5607 0.4360
lungcancer  1.36 0.73 2.1770  3.1860  0.8469  0.6207 0.2968 0.5287 0.6145 0.4809
leukemia 0.58 0.21 29684 3.5946 1.1039 0.8554 0.3649 0.5565 0.6257 0.4929
ecoli 1.16 0.66 2.5780  3.3095 0.9209 0.7262 0.3199 0.4992 0.5672 0.4683
pendigits 0.04 -0.53 24315 3.2218 0.8578 0.6261 0.1814 0.3854 0.4522 0.3304

Parameters used in CLUTO: -clmethod=rb -sim=cos -crfun=i2 -niter=30

Altogether, d(m, o) can be expressed as

d(mo,0)

b

_ ZL (b, — b—1)) (n + j1 — 51)G(n + jr — ji)

(b1 — bo)(n + j1 — 71)G(n + j1 — j1)

| X5 bg(k)
b
To further clarify the computation of Cl(m],a), we give
the following example. The 5 x 7 intersection matrix below

is induced by two partitions 7y and o:

(@28
e e R
OO ==
OO R~
O ===
O ===
e
=

In this example, the sequence of (b, by,...,b7) is (0, 3, 3,
3,4,4,5,5), b =27, n =17, the sequence of the change points
is (b1, by, bs), and the index sequence (j1, jo, j3) of the change

points is (1, 4, 6). Then, in this example

Cl(ﬂ'(),d) = b
(bs — b3)(n + j1 — j2)G(n + ji — ja)
+ b
. (bg — bs)(n + j1 — j3)G(n + j1 — js)
b
3767 +1-4-G(4)+1-2-G(2)
- 27 ’

6.4 Approximation of d7** in the General Cases

In general, it is still unknown when dJ'** = dl(rr, o)
happens. However, the mathematic facts listed above
inspire us that d)'*" has its approximation range, as shown
in the following inequality:

dy < dp < dpe, (22)

where 47 =C!(my,0)+C} (0, m) and &7 =H(0)+C(0, 7).
They are the tight lower and upper bound of d]'*,

respectively.
This approximation range is reasonable because the

following two inequalities always holds:

0 < dmar — @M < H(o), (23)
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0 < d™ — g™ < H(o). (24)

Inequalities (23) and (24) show that the difference
between d)'** and its upper (lower) bound is smaller
than H(c). When |A| is very large (this is a popular
assumption for practical clustering problems), C'(o,m) is
much larger than H(c). Thus, the above upper and lower
bounds for d'* are effectively estimated. In practice, d)'**
might be approximated by the medium value of the
upper and lower bounds

_ (df,"‘“” + W)
d'{rfnaz‘ —
2 (25)
(Cl(ﬂ'g, o) +C' (o, 770)) + (H(U) +C(o, 7T0))
5 .
Note that if d)'** (de*) is substituted for the d'** in (21),

the result corresponds to the upper (lower) bounds of the
normalized distance.

6.5 Exact Computation of d)'* in the Special Cases
In this section, we show the special cases where the exact
value of d'** can be obtained. First, we consider the case
when the cluster sizes of the “true” clusters are all equal.

Theorem 7. When the cluster sizes of the “true” clustering o are
all equal, 7% = d™* = dmar
7 o - o .

Proof. In this case, one can easily verify that C' (my, o) =H(0).
By Inequality (22), d'** = d'** = d™ holds directly. O

0.5 1
DCV

(b)

. (b) DCV versus normd.,,,.

Next, we analyze the exact computation of d'** when
dy,, in Table 1 is adopted.

Theorem 8. For the distance d. , d™% =

dmaa: — W

goo’ o o o
Proof. In this case that H,, is used in the distance computa-
tion, one can easily verify that C’ (m,0) = Hyoo(o). By

goo
Inequality (22), d7'*" = d'** = d7e holds directly. 0

7 EXPERIMENTAL RESULTS

In this section, we present experimental results to illustrate
the effectiveness of distance normalization when we use the
distance measures in Table 1 for comparing clusterings of
different data sets.

7.1 The Experimental Setup

Experimental tool. Since we aim to compare different
clustering validation measures (not the performance of
different clustering algorithms), the most popular clustering
algorithm K-means is adopted. In our experiments, we used

the CLUTO [13] implementation of K-means.
Experimental data sets. For our experiments, we used a

number of real-world data sets that were obtained from
different application domains. Some characteristics of these
data sets are shown in Table 4. In the table, “# of classes”
indicates the number of “true” clustering. Please refer to
[26] for more details of these data sets.
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7.2 Evaluation Metric

We first introduce the Coefficient of Variation (CV) [6],
which is a measure of dispersion of a data distribution. CV
is defined as the ratio of the standard deviation to the mean.
The larger the CV value is, the greater the variability is in
the data. Given a set of data objects X = {z1,z2,...,2,}, we
have CV = £, where

n—1

Next, we define CVj as the CV value on the cluster sizes
of the “true” clusters and CV; as the CV value on the cluster
sizes of the clustering results. Also, DCV = CV, — CV;
is the change of CV values before and after clustering.
Xiong et al. [26] has shown that DCV can be used to
describe how different between the “true” cluster distribu-
tion and the distribution of cluster results. DCV owns the
property that can be used to indicate bad clusterings when
the DCV values are large. In fact, a large DCV value
indicates that a clustering result is away from the true
cluster distribution. Thus, a good quasi-distance must have
large values if the DCV values are large. Therefore, we
evaluate the proposed quasi-distances by checking whether
any clustering results with larger DCV values will lead to
larger quasi-distances. However, we agree that DCV is a
necessary but not sufficient condition for the clustering
quality. In other words, a large DCV value indicates a bad
clustering result, but a small DCV value may not indicate a

(b) DCV versus normd!

0.5 1

‘pal*

good clustering result. This is also the reason that we
introduce the quasi-distance.

7.3 The Effect of Distance Normalization

In our experiments, we first applied K-means for clustering
the input data sets and the number of clusters k was set as
the “true” cluster number for the purpose of comparison.
Then, we computed the following values:

o  The values of the four distances dl,,, d,, d;,, d.,,, (as
shown Table 1) between the “true” clustering and
the clustering results, respectively.

e The values of the four normalized distances
normdy,,, normd,,, normdy, , normdy,,, respectively.

Note that the normalized distances normdl,,, normd,,,
normd}]m are approximated using the approximate compu-

tation of d)'* in (25). The exact value of normd,, is
obtained by Theorem 8. Table 5 presents a summary of the
experimental results on various real-world data sets.

Also, Figs. 2, 3, 4, and 5 show the DCV values and the
corresponding (normalized) distance values of the four
distance measures on all the experimental data sets. For the
normalized distance on each data set, the range bar shows the
upper and lower bounds of the normalized distance, which
are computed using d™** and d7* in (24) and (23),
respectively. As can be seen in each subfigure, there is a
linear regression fitting line for all the points. The value of
R Square (R?) is also shown in the figure. The R? value
provides a guide to the “goodness-of-fit” of linear regression.
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In these figures, we can also observe that the R2 values of
the normalized distances are always larger than those of the
original distance, and the R2 value of normds, is the largest
among all observed distance measures. In other words, our
experimental results indicate that the normalized distance
performs better than the original distance when comparing
clustering of different data sets. Also, the normalized
distance normdg,, performs the best among four distance
measures in Table 1.

7.4 The Range of Performance of the Normalized
Distance Measures

As can be seen in Figs. 2, 3, 4, and 5, we also use the range
bar to indicate the range of performance of the normalized
distance measures. The shorter the range bar is, the more
precise the approximate normalized distance is to its true
value. In the following, we show that the length of the range
bar is closely related to the C'V; value of the data set.

Figs. 6, 7, and 8 show the CV} values and the lengths of
ranges of the three normalized distances: normd,,
normdy,,, normd.,* on all the data sets. In these figures,
we can observe that the length of the range bar increases as
the increase of C'Vj. This indicates that the approximate
computation of these three normalized distances performs
better when CV is smaller. This result agrees with

3. Since the exact value of normd,,,

of its range bar is always 0. Thus, the corresponding range bar for normd
is omitted.

is obtained by Theorem 8, the length
1
goo

DCV versus normd.

0.5 1

gin®

Theorem 7, which states that the exact normalized distance
can be obtained when CV, = 0.*

8 CONCLUSIONS

In this paper, we first proposed a uniform representation of
quasi-distance, which possesses three properties: symmetry,
the triangle law, and the minimum reachable. Several well-
known information-theoretic distance measures such as
Shannon Distance, Pal Distance, the Van Dongen criterion,
and the Mirkin metric can be described by this generalized
representation. Also, three properties of the quasi-distance
naturally lend itself as the external measure for clustering
validation. Furthermore, we highlighted the importance of
normalization when applying distance measures to compare
the clustering results of different data sets. Along this line,
we provided a theoretic analysis of the computation form of
the maximum value of a distance measure. This is important
for the normalization process. Finally, in order to compare
the clustering performances of an algorithm on different
data sets, we applied the K-means clustering algorithm to
empirically show that 1) the normalized distance measures
outperform the original distance measure and 2) the
normalized Shannon distance has the best performance
among four observed distance measures.

4. When C'Vj) = 0, the cluster sizes of the “true” clustering are all equal.
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